Abstract-The complete classes of orthogonal Latin squares can be constructed from Galois fields. The complete Y-matrix in [1] presents a new representation of finite group. A complete Ymatrix decides a finite group, and a finite group induces a complete-matrix. Based on this idea, we can construct Galois fields by constructing a pair of complete Y-matrixes, one is associated to additive group, and another is associated to multiplication group of the Galois field. The complete Y-matrix corresponding to multiplication group is constructed by some proper cyclic permutations since a cyclic group can be constructed a cyclic permutation. In this paper, we present a method to generate orthogonal Latin squares based on the construction of fields by complete-matrixes.
INTRODUCTION
For a finite set Ω = { 1 , … , n } (in short, Ω = {1, ⋯ , }), the function : N p × N q →Ω is taken as assigning coordinates to elements in Ω, it is represented as M = (η(i, j)) p×q , denote as⟦ ⟧, called the representation matrix of Ω with respect to (w.r.t.) .
By the function , we have the following relation:
The point ( ′ , ′) can be viewed as the result by replacing the coordinates from the point ( , ) step by step.
In the above matrix ⟦ ⟧, we can observe an interesting result: for any two blocks � ( , ) ( , ′) ( ′ , ) ( ′ , ′) � and � ( , ) ( , ′) ( ′ , ) ( ′ , ′) � , if any values of three points are same at corresponding positions respectively, then the value of fourth point is same, e.g. ( , ) = ( , ) , ( ′, ) = ( ′, ) , ( , ′) = ( , ′) imply ( ′, ′) = ( ′, ′).
The constraint relation is called shortly as "Four Endpoints Rule (FER)". The general definition is seen in [1] . Such matrix is called complete Y-matrix, in short CY-matrix.
The computation table of a finite group is a CY-matrix. Let = { 1 , … , } be a finite group and let 1 = be the unit element of , then for any ∈ , = { 1 , … , } = , The operation table on can be represented as a × matrix = ( , ) , where , = for 1 ≤ , ≤ . The matrix M G has the following basic properties.
(1) Each element in occurs exactly once in each row (column) of . Then, each element a in defines a permutation matrix on .
(2) For any a 2×2 submatrix� �in , shortly for a block, anyone can be decided only by other three. i.e., M G associates with a function :
3 → satisfying the constraints:
(3) Such function F is an invariant up to permutations on rows or columns of the matrix . By changing properly order of rows (or columns) of , we can get a new matrix
) such that ′ , = for = 1, 2, … , , i.e., the unit element e is locatedat main diagonal line of ( ) , such matrix is called normal matrix. Thus, the operation × = in G can be represented by a block� �in ( ) . Clearly, for any fixed ′ ∈ , we get a new matrix ( ′ ) from , by the same methodand ( ′ ) decides a new group ′with the unit element ′, the operation ∆ = , denoted by ( * ) ′ in ′,
The essence characterization of CY-matrixes is the property FER. A CY-matrix can decide a finite group. The geometry properties of matrixes will be useful for constructing finite groups, classifying and decomposing of finite groups. The relevant references can be seen in [2, 3, 4, 5, 6, 7, 8] .
A finite field ( , +, * ) is decided by two finite groups, ( , +) (additive group) and ( ′, * ) (multiplication group), where | ′| = | | − 1 , ( ′, * ) is a cyclic group and there lation of two operations is limited by the distribution law.
In paper, we present some methods for constructing CYmatrixes and Galois fields, and then a method to generate complete classes of orthogonal Latin squares.
II. COMPLETE Y-MATRIXES AND FINITE GROUPS

Let
= ( , ) × be a matrix on Ω , if M satisfies the condition Four Endpoints Rule(FER), i.e., for any two blocks� �and� ′ �in , it must be = ′, then call it a complete Y-matrix, in short CY-matrix. If M is a CY-matrix, then for any fixed element a in Ω, we can get a binary function ∶ Ω × Ω → Ω defined by � ( , ) �. So, one can define a binary operation * on Ω:
The CY-matrixes have some basic and important properties.
(1)The function holds the composite rule, i.e., for any , , , , , ∈ Ω ( ( , , ), , ) = ( , , ) , and ( , , ( , , )) = ( , , ).
(2)For any , ∈ Ω, ( , , ) = , ( , , ) = . Based on (3), we can introduce the formal form of the matrix M.For any fixed element a in Ω, we can adjust a to the main diagonal of a matrix.
The normal form is similar to the table of computation for a finite group, where the element on the main diagonal of the matrix is equivalent to the unit element in group.
Let [ ] denote the set {1, 2, … , } , a permutation =
where,
= −1 where −1 is the inverse transformation of , and the matrix is the transpose of matrix A. 
In [1] , the author presents the following results:
(1) A finite group defines a CY-matrix.
(2) A CY-matrix can decide a finite group.
For a given CY-matrix M and any element ∈ Ω, we can define a 0/1 square matrix of p-order, called the characterization matrix of , where
In [9, 10] , we have shown the following results.
Lemma 1 For a given CY-matrix M and a fixed element θ in Ω,
is a formal matrix on θ from M, i.e., the element θ is located at main diagonal of the matrix by rearranging order of rows in M, then for any block� �in , we have that * = , where the operation " * " is the usual multiplication of matrix.
Therefore, we have that Theorem 1 For a given CY-matrix and a fixed element θ in Ω, let = � : ∈ Ω�be a set of (0/1)-matrixes of porder, then ( , * )is a group, where the binary operation " * " is the usual multiplication of matrix, and is the unit element in the group.
III. BASIC CY-MATRIXES
Let be a natural number. A number (1 ≤≤ − 1) is called a Euler number of , or between and are coprime, denoted by ( , ) = 1 , if for any
Clearly, ( ) contains 1 for any ≥ 2 , and if p is a prime number, then ( ) = {1, 2, … , − 1}.
Let ( ) = ( 1 , 2 , … , )be acyclic sequence of symbols associating a function , ( ) = ( +1)( ) , and a set ( ) = { 1 , … , }, where is the length of ( ).
If ( , ) = 1 , we define recursively a cyclic matrix as follows:
The matrix , = ( , ) × will be viewed as a basic model (or matrix of index) of complete Y-group. For a set Ω = { 1 , 2 , … , } and a cyclic sequence ( ) =< We view ( ) as a symbol, and fix a cyclic sequence( ⃗) = (( 1 ), ⋯ , ( )) , take acyclic matrix , * (( * , ) = 1) as a model getting matrix , * ( ⃗). Combining R with , * ( ⃗), we can construct a complete Y-matrix = ( , ), where , is the form of , , ( ), , * ( , ) = ( ) and ( , ) = , .
In the construction of M, we view C p,1 as factors, R as models of row-rotations, C q,r * as bases, then write M = C p,1 ⊗ R C q,r * .
In fact, FER implies the composite condition. The following graph shows the computing process:
IV. CONSTRUCTION OF CYCLIC GROUPS BASED
The FER shows as follows, where = 1 , = ( ).
�. Constructing complete Y-groups from permutations.
Let [n] denote the set {1, 2, ⋯ , } , and let =
The permutation π can be decomposed a set of cyclic permutation , 1 , ⋯ , , where is a cyclic permutation on some subsets
and S π i ∩ S π j = ∅ for any i, j (1 ≤ ≠ ≤ ) . The size of ,� � , is called the length of cyclic permutation . In this paper, we assume that � � ≥ 2 for each i, since the element a can be deleted from [ ] if � � = { } for some cyclic . Such π is called nontrivial permutation. If = 1, then π is a cyclic permutation of length n, and it can be written as ( 1 2 ⋯ ) , which defines an order ( 1 ≺ 2 ≺ ⋯ ≺ ) on [n], where 1 = (1).
Let π be a cyclic permutation of length n on [n]. Define
We now introduce another method to define a matrix = ( , ) based directly on FER, such that 1, = ,1 = ( = 1, 2, ⋯ , ). Let = ( 1 2 ⋯ ⋯ ) be a cyclic permutation of length n on [ ].
(1) Set (1), (2), ⋯ , ( )) j1-th row of and 
V. CONSTRUCTION OF ORTHOGONAL LATIN SQUARES
The main ideas constructing orthogonal Latin squares come from the method of Galois fields.
Let Ω = {1, 2, … , } be a finite set, a square (matrix) = ( , ) × on Ω is called Latin square, if each element a in Ω occurs exactly once in each row (and column) of A. Two Latin squares = ( , ) × and = ( , ) × on Ω are orthogonal if each pair ( , , , ) for 1 ≤ , ≤ occurs exactly once in the matrix (( , , , ) ) × .
A set { 1 , … , } of mutually orthogonal Latin squares is complete, if for any Latin square A, there is at least one (1 ≤ ≤ ) such that A and is not orthogonal. It is known that if a set { 1 , … , } is mutually orthogonal n-order Latin squares, then ≤ − 1 [11] . A classical result is that if = ≥ 3, where p is a prime and m is a positive, then there are − 1 mutually orthogonal Latin squares. The construction method is based on a Galois fields [ ]. The detail method is seen in [11] . In this paper, we focus on constructing Galois fields [2 ] . The method is different from classical method finding irreducible polynomials.
Our method is to construct directly two finite groups, one as additive group and another as multiplication group, by constructing two CY-matrixes, such that the distribution law holds for two operations.
The method is described as follows:
(1) Take the base-matrix 2 = � 0 1 1 0 �, and compute the
(2) Define an additive group on {0, 1, 2, … , 2 − 1} with unit element 0. For example, we consider the construction of fields being isomorphic to [2 3 ].
(1) Compute the matrix for additive group. 
VI. CONCLUSIONS AND FUTURE WORKS
The matrix representation of a finite group is a complete Y-matrix, and a complete Y-matrix decides a finite group. The complete class of orthogonal Latin squares can be constructed by Galois fields. We have given a method to construct some fields by complete Y-matrixes, and can construct some complete classes of Latin squares. The methods and some ideas in this paper are helpful to investigate structures of fields. The future works are to investigate relations between operations defined by different complete Y-matrixes, and then observe some geometric properties of finite fields.
